Introduction
Multiribbed belts are commonly used to drive the automotive engine accessories ͑water pump, aircooling compressor, aided steering pump, etc.͒. These belts run over the accessory pulleys in a serpentine configuration so called the front end accessory drive ͑FEAD͒ ͓1,2͔. The advantages of serpentine drives over classical V-belts include simplified assembly and replacement, longer belt life, tension compensation from tensioner device, and compactness. This system is subjected to numerous linear and nonlinear phenomena: belt-pulley slippage ͓3,4͔, time-varying boundary conditions of each belt span between two successive pulleys ͓5͔, hysteretic behavior due to mechanical ͓6,7͔ or hydraulic tensioners, and parametric excitations due to crankshaft torque pulsations that introduce a pulsating tension in the belt ͓8͔.
Moreover, in the instability zone, the belt exhibits large transverse deflection such as a Duffing oscillator with parametric excitation. For example, such nonlinear oscillations have been numerically and experimentally investigated by Pellicano et al. ͓9͔ by using a specific device comprising two pulleys, one of them imposing parametric excitation by the way of eccentric pulley mounting. See also the theoretical nonlinear dynamic analysis of an axially moving string parametrically excited of Mockenstrum et al. ͓10,11͔. Similar behaviors are observed in cable ͓12-14͔, drill string ͓15͔, and rod parametrically excited by a force or a torque ͓16͔.
Reducing the impact of this large transverse deflection on the belt life requires to improve the knowledge on these nonlinear phenomena. This article deals with one of the modeling steps of the nonlinear global behavior of the entire FEAD. Its purpose is based on a theoretical and experimental investigation, limited to a nonmoving belt-pulley system parametrically excited, leading to lateral instabilities, Duffing oscillations ͑frequency response function with jump and hysteresis phenomena͒, and other observed nonlinear phenomena.
In the theoretical part, the equation including Duffing term and parametric excitation is established. By using the multiple scales method, the nonlinear response amplitude is predicted by keeping all of the nonlinear terms and the longitudinal viscous damping. The experimental part permits, apart from identifying the longitudinal and transverse belt moduli, measuring transverse vibrations on a sample belt-pulley setup equipped with automotive mechanical components. Finally, predicted and measured results are compared with regard to the nonlinear response and instability region determination.
Mechanical Model

Equation of Motion.
A mechanical model of an axially moving beam subjected to tension fluctuation is used to predict the nonlinear response and the parametric instability region transition curves. The equation of motion for transverse vibration of a beam of length L moving with time dependent transport velocity c͑T͒ is governed by ͓17͔
where A is the mass per unit length, EI is the transverse rigidity modulus, V is the transverse displacement, P s is the static belt tension, P d ͑T͒ is the dynamic tension, and T and X are the temporal and spatial variables. The dynamic tension is due to longitudinal motion of the end points from pulley oscillations and quasistatic midplane stretching from transverse deflection, and is given by
where EA is the longitudinal rigidity modulus, is the longitudinal damping, and U is the longitudinal displacement. With the dimensionless parameters
In the case of a long, nonmoving ͑␥ =0͒ belt span preloaded with a high static tension and subjected to sinusoidal tension fluctuation, the transverse stiffness is dominated by tension ͑ is neglected, see Sec. 3.1͒. The tension fluctuation is given by
where = P d / P s represents the ratio of the dynamic tension fluctuation to the static span tension, ␣ = / is the coefficient of the nonlinear term, and = / is related to the longitudinal damping. Then, Eq. ͑4͒ leads to
By considering the single mode Galerkin expansion v͑x , t͒ = a n ͑t͒ n ͑x͒ with the basis n ͑x͒ = sin͑nx͒ / n, Eq. ͑6͒ becomes a parametrically excited Duffing equation
where n = n are the natural frequencies of a tensioned string. The small transverse response of a simply supported belt span subjected to a harmonic tension is governed by a set of uncoupled Mathieu's equations and exhibits instability regions based on ⍀ k n =2 n / k, where k is the instability order and n is the nth resonance pulsation. Modeling large transverse deflection brings a cubic term in the proposed equation. With the presence of this oddorder nonlinearity, the single mode expansion remains reasonable and is justified by the agreement with the experimental results of Sec. 4.
Nonlinear Forced Response. Experimental observations
show that the lateral vibration amplitude is sufficiently large that the system equation cannot be linearized. To solve the response of the system for primary resonance ͑⍀ Ϸ 2͒ of the first mode ͑a n = a, n = ͒, a first order multiple scales method is used ͓18͔. The independent time variable is a function of multiple scales T 0 = t and T 1 = t. Then,
Substituting Eq. ͑8͒ into Eq. ͑7͒ and equating coefficients of like powers of yields
where D 0 and D 1 indicate differentiation with respect to T 0 and T 1 . The solution of Eq. ͑9͒ is
͑11͒
Introducing the frequency expansion ⍀ =2 + and eliminating the secular terms in Eq. ͑10͒ lead to
with the substitutions A = ͑ / 2͒e i␤ , with and ␤ real, and = T 1 −2␤; the equations governing amplitude and phase are 
Experimental Investigation
An experimental investigation is conducted in order to observe the predicted phenomenon and to validate the mechanical model.
Belt Characteristic Identification.
To establish the model parameters for practical serpentine drives, an automotive belt is experimentally examined to extract its longitudinal and lateral elastic moduli and viscous damping.
Longitudinal Elastic Modulus.
Experimentally, the belt is stretched between two pulleys for several static tensions. Its longitudinal stretching is captured with two laser sensors directed at two targets perpendicular to the belt axis at a known separation distance. The longitudinal stretching of the span is assumed to be linearly related to the static tension P s according to P s = EA͑⌬L / L͒. The longitudinal stiffness results from the linear fitting of the tension/stretching relation and leads to the value EA = 110,000 N.
Longitudinal Viscous Damping.
A belt sample is clamped at one end and has a mass M suspended at the other. This system is excited via a shock hammer. The free response is recorded via an accelerometer located under the mass and postprocessed to obtain belt viscous damping and leads to the value of = 160 N s / m.
Lateral Elastic Modulus.
To estimate the bending stiffness, a transverse impact test is performed on a belt span for several initial tensions. The transverse vibration is captured with a laser sensor. The square of the nth transverse natural frequency n 2 of a simply supported, stationary, tensioned beam is a linear function of the tension P s ,
͑18͒
The evolution of the square of the first three natural frequencies versus P s is presented in Fig. 1 . When the tension P s is nil, identification of EI for the first mode exhibits a small value of this modulus ͑EI = 0.22 N m 2 when A = 0.107 kg/ m and L = 0.73 m͒. This value introduced in Eq. ͑18͒ for the second and third modes shows only small difference with the experiment. By considering this small modulus and the span lengths of this application, the bending stiffness modulus is neglected. Thus, in the following, the belt span is considered as a string ͑ =0͒.
Experimental Setup of a Parametrically Excited
BeltPulley System. The setup is composed of an industrial, automotive, multiribbed belt tensioned in a three-pulley drive. A lever arm linked to one of the pulleys is connected to an electrodynamic shaker, as presented in Fig. 2 . The tested belt span is L = 0.46 m, its cross section area is A = 93.10 −6 m 2 , its width being l = 2.15 cm, its mass density is = 1150 kg/ m 3 , and subjected to a static tension P s = 220 N. It is composed of a ply of fiber cables having an angle with the longitudinal axis, molded within elastomer. The upper area is plane, while the lower one is composed of six ribs. The shaker applies an axial alternating force of amplitude f 1 and frequency to the lever arm, which creates tension fluctuation in the belt span. Thus, the system is parametrically excited. Instability will occur for lower frequencies in the upper span. The idler pulley in the lower span divides it into two shorter ones to avoid simultaneous instabilities in the lower and upper spans. The transmitted force is measured with a piezoelectric force sensor, and the transverse displacement of the upper span with a laser sensor.
This setup permits frequency sweeps ͑from 30 Hz to 150 Hz͒ with different amplitudes and static belt tensions. Figure 3 shows a visualization of the transverse vibration of the upper span under the primary instability region for =2 1 . It exhibits the classical primary instability result: When the span is subjected to 2 1 , its transverse vibration frequency is 1 . As an illustration, the peakto-peak vibration amplitude is about 2 cm in the middle of the span.
Observed Phenomena of a Parametrically Excited
Belt-Pulley System. The given model considers only a single belt span as a simply supported string. The experimental setup, however, consists of a circular belt wrapped around three pulleys, see also Fig. 2 . Observations of other complex phenomena are obtained using a high speed camera capable of 1000 frames/ s. For each following phenomenon, three different deformed positions are captured.
Longitudinal and Transverse
Coupling. Consider the simplified model of the three pulley-shaft assembly rotational inertia linked by the belt longitudinal stiffness. This 3DOF model has a resonance at 80 Hz. The third lateral vibration mode of the upper span is close to 150 Hz, so the fourth instability region ͑⍀ =2 3 / 4͒ is in the vicinity of 75 Hz. Theoretically, observation of the instability region requires a large level of excitation that the available shaker is unable to produce. Due to the longitudinal resonance, the level of tension fluctuation increases and makes the parametric excitation of transverse instability based on higher natural frequencies possible. For instance, Fig. 4 shows such a phenomenon concerning the third mode shape of the tested belt span.
Boundary Condition.
The multiribbed belt is wrapped around pulleys. While typically approximated as simply supported, the boundary condition is more complex, and uncertainty of the contact point condition makes definition of the boundary condition difficult. When it laterally vibrates, the length of the span is a function of time and varies approximately Ϯ1 cm as shown in Fig. 5 where the pulley diameter is 10 cm and the span length is 46 cm.
Transverse-Torsional Coupling.
When the belt span is subjected to parametric tension fluctuations, large amplitudes of the first torsional mode are observed and captured, see Fig. 6 . This is mostly due to the coupling between torsional and longitudinal modes initiated by the presence of the angle of fiber ply. Theoretical investigation of this coupling can be found in Refs. ͓19,20͔.
Discussion on the Observed Phenomena.
The three previous phenomena are mainly due to either longitudinal-transverse or longitudinal-torsion couplings. They can be source of noise pollution, wear, efficiency loss, and belt failures in FEAD such as fatigue, leaving the pulley ribs and belt/pulley slippage.
Experimental Validation of the Proposed Model
The model developed in Sec. 2 permits comparing predicted and measured forced responses of the belt span.
Instability Region.
The measured transverse instability regions of the belt span are gathered in the ͑, ⍀͒ diagram plotted in Fig. 7 . The plotted dots stand for the observed transverse instability existence; they are provided by a step-by-step sweep up or down investigation for several levels of excitation amplitude . The constant space between points corresponds to the experimental forcing frequency step. In the primary region ͑⍀ Ϸ 2͒, the sweep up or down does not lead to the same left boundary: This is due to the hardening effect brought by the large transverse vibrations. To sum up, instability regions are wider when produced by a sweep up than those obtained by a sweep down forcing 
frequency.
In the secondary region ͑⍀ Ϸ ͒, there is no hardening effect due to the small transverse vibration amplitudes.
Frequency Response.
For a given forcing amplitude , the response amplitude in Eq. ͑17͒ is plotted versus the forcing frequency ⍀ in Fig. 8 . Nonreversible behavior and jump phenomena occur for changing excitation frequency. The swept-up sine investigation leads to a parametric instability phenomenon starting from ⍀ = 6 to a jump down at ⍀ = 6.65. For a swept-down sine investigation, the resonance phenomenon starts by a jump up at ⍀ = 6.55 and finishes at ⍀ = 6. The predicted response is very accurate concerning the beginning of the resonance phenomena and the jump up frequency. Nevertheless, the prediction of the jump down is overestimated by the model. This figure also compares the response with and without considering longitudinal damping of the belt. The presence of damping permits capturing the theoretical jump down frequency.
Amplitude Response.
For a given forcing frequency ⍀, the response amplitude in Eq. ͑17͒ is plotted versus the forcing amplitude in Fig. 9 . Sweeping highlights another type of hysteresis phenomenon. Predicted and measured responses are very close on the upper branch, but the jump location predictions are underestimated. This figure also compares the response with and without considering longitudinal damping of the belt. The presence of damping permits capturing the theoretical jump down fre- quency. Nevertheless, this result might be affected by the nonhomogeneous boundary conditions and interaction between transversal, longitudinal, and torsion modes.
Conclusion
The presented experimental and theoretical investigation shows that automotive multiribbed belts exhibit large transverse vibrations and important nonlinear and parametric instability features. By keeping all the nonlinear terms in the equations, including longitudinal damping and using the multiple scales method, the nonlinear response versus forcing frequency or forcing amplitude shows a hysteretic behavior due to the jumps, which depend on the sweep up and sweep down. Moreover, the experimental setup highlights other nonlinear phenomena: the coupling between longitudinal and torsion behaviors, the coupling between the longitudinal mode shape and the third transverse mode shape, and the presence of a time-varying boundary condition, not considered in the presented theoretical investigation.
